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1. Abstract

In this paper we have made an approach to find the exact solution of steady, infinite conducting,
non-viscous MHD fluid in a rotating frame by the application of Martin’s method. As the governing
equations are non-linear partial differential equation, a method is developed to convert these equa-
tions into solvable form by employing differential geometry where, in the plane of flow, the curvilinear
co-ordinate (¢,1), co-ordinate ¥ = constant are the streamlines of flow and the co-ordinate lines

¢ = constant are left arbitrary. The polar representation of the streamline patterns for these flows are

of the form Gz(br()r ) — constant, are taken and the exact solution for pressure function, velocity vector,

vorticity and current are found.

AMS (MOS) Subject Classification Codes: 7T6W05; 76B47; 76D05; 76S05; 35G50
Key Words: Martin’s method, Von-Mises, MHD, rotating fluid, aligned flow, stream function.

2. Introduction

Martin [1] introduced a new technique to solve the equations of motion of fluids with infinite elec-
trical conductivity. When the polar representation of the streamline patterns for these flows is of the
form %;()T) = constant, this method is highly helpful in determining the precise solution of plane vis-
cous, stable, incompressible magnetohydrodynamics (MHD) aligned flows . The future liquid, super
conducting liquid metal, is also used in this manner. The exact solution of a steady infinite conduct-
ing non-viscous MHD fluid in a rotating frame has been discovered in this study. Understanding the
concept of rotating fluid is crucial for understanding some fields, including limnology, oceanography,
meteorology, and atmospheric science. . This method involves using a natural curvilinear co-ordinate
system in the physical plane (z,y) where ¢ = constant are streamlines and ¢ = constant is an arbi-
trary family of curves. By assuming the arbitrary family of curves to be, Chandna and Labropulu [2],
analysed the planar viscous flows and discovered the precise solution. Using this technique, Labropulu
and Chandna [3] were able to derive the precise solution of stable plane MHD aligned flows by choosing
either £ (x,y) = constant or 7 (x,y) = constant as the arbitrary family of curves¢ (x,y) = constant,
where & (z,y) + i n(x,y) is an analytic function of the form z = x + ¢y. Martin’s approach was used by
M. R. Garg, R.M. Barron, and O.P. Chandna [4] to study plane compressible MHD flows and discover
an exact solution. Martin’s equation was also employed by K.V. Govinda Raju [5] to discover the
answer to the flow of a viscous fluid. Martin’s approach was used by S.A. Ali, A. Arora, and N.A. Khan
[6] to research fluids in second grade. Martin’s approach was used by C. Thakur, M. Kumar, and M.K.
Khan [7] to study constantly inclined viscous MHD fluid. Exact solutions for steady plane flows of
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incompressible fluid with variable viscosity (e,) or (1, )coordinates were found by C. Thakur, T.P.

Singh, M.K. Mahan, et al. [8], R.K. Nacem et al. [9]. M. Kumar, S. Sil [11] , Sayantan Sil, Mantu

Prajapati and Manoj Kumar [13] found the exact solution by using Martin’s method for rotating fluid.
In this essay, we offer and respond to the two questions listed below.

(i) Can fluid flow along a family of planar curves with 9;(};()7)) =constants?

(ii) What is the precise integral of the flow defined by the given streamline pattern, given a family of

ezljﬁ()r) =constant?

streamlines,

Assume fluid flows along the family of provided curves 9;(1;(; ) —constant. Since the streamline function

¥(r, 9) =constant as well along these curves, it follows that there exists some function R(¢) such that
0 —b(r)
c(r)

For this work, the curve ¢ =constant are taken to be r =constant onus. Thus, the (r, 1) co-ordinate
system is used. Taking v(r, 8) and u(r, §) to be the components of velocity vector field in polar

co-ordinates, we have
o (bﬁi)] )

=R(y), R()#0 (1)

_1@_ 1 oy 1

rdr  Re(r)R” T TR

3. Flow Equation

In the presence of a magnetic field, the following equations regulate the flow of a viscous, incom-
pressible, spinning, and electrically conducting fluid:

—

div(V) =0 (3)
p [(‘7 . grad)‘ﬂ +2Q x V) +Q x (O x7) +grad P = nV?V + p(curl H) x H (4)
1 — — —
— curl(curl H) = curl(V x H) (5)
o
Here V = ui + v j=velocity vector, H =magnetic field, P =pressure function, p =fluid density,

o =electrical conductivity 1 =coefficient of viscocity g =magnetic permeability, 2 =angular veloc-
ity.
Here the magnetic field H satisfies an additional equation

div(H) =0 (6)
In the case of aligned flow, the magnetic field is everywhere parallel to the velocity field.
H=V=9ui+yvj (7)

Where ~ is some unknown function such that

V. grady =0 (8)
Let us defined
Vorticity function, w = vy — u, (9)
Current function, QQ = Hop — Hyy (10)
Energy function, E = %p(u2 +v3) + P (11)
2
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Where P/ = P— %p@ x 72 =reduced pressure. Where u(z, y) and v(x, y) are the velocity components
and Hy(z, y), Ha(z, y) the magnetic field components.
In this work, we deal with infinitely conducting fluids Hence equation (5) now becomes

Vx(VxH)=0 (12)

Separating into components equation (3), (4), (6) and (12) gives and using (7) , (8) and (10) we get

Uy + vy = 0 (continuity) (13)

Ey + nwy — 2pQ0 — pvQd — pyv@ =0 (14)
E, — nwg + 2pQv — pvQ — pyu@ =0 (15)
wyy + vy, = 0 (solenoidal) (16)

w = vy — uy (vorticity) (17)

Yw + vy, — uyy = Q (Currentdensity) (18)

Above are six partial differential equations in six unknown functions u(z, y), v(z, y), v(z,v), w(z, y),
Q(z,y) and E(z, y) . once a solution of this system is determined, the pressure function and the
magnetic vector field are found by using (7) and (11)

The equation of continuity (13) implies the existence of a stream function ¥ = ¥ (z, y) such that

Yo =—v, Yy =u (19)

We take ¢(x, y) =constant to be some arbitrary family of curves which generates with the streamline

¥(x, y) = constant a curvilinear net, so that in the physical plane the independent variables x, y can
be replace by ¢ and ) .

z=z(¢, ¥), y=yl¢, ¥) (20)
Define a curvilinear net in the (x, y)-plane with the squared element of arc length along any curve is
given by
ds® = L(¢, ¥)dg® +2M (9, ¢) dodyp + N(¢, ) dy? (21)
L=a4"+ys°, M=wgry+yoyy N=uy°+yy° (22)
Equation (20) can be solved to obtain ¢ = ¢(x, y), ¥ = ¥ (z, y) , such that
Ty = by, xp=—Jby,  yp=J0z, yp=—JY, (23)

Provided 0 < |J| < oo m where J is the transformation Jacobian and

J=1‘¢y¢—$wy¢ =+ LN — M? =4W (24)

If « be the local angle of inclination of the tangent to the co-ordinate line 1) =constant, directed in the
sense of increasing ¢ , we have from differential geometry

x4y =+ Lcosa, y, =VILsina, x4 = %cosa— ﬁsina
M

Yo = Ut sin o + ﬁcosa, ay = %Fnz, oy = %F122
W 2 W 2
And % [(Frll )1/; - (frl? )qs} =0
1
Here T'1,? = 57 [FMMg +2LMy — LLy] (25)
w
%, = g (LN, - ML)
For infinitely conducting flows, following Martin and Chandna and Labropulu , we transform system
of equation (13) — (18) into the -co-ordinates by using (19) and considering (23), as follows.

Epzy — Epye + 0 (Wety +wyry) — [p(2Q +w) — pyQlyp = 0 (26)
Egzy — Eyxg + 1 (WeYy — wyp¥s) — [p(2Q +w) — uyQJzy =0 (27)
3
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Multiplying (26) by x4 and (27) by 14 and subtracting, we get
JEy = n[Mwgy — Loy] (28)
Again multiplying equation (26) by x4 and (27) by y, and subtracting
JEy =1 [=Mwy + Nwg| = J [p(2Q + w) — Q)] (29)
again using (19) in the equation (16) and transforming the resulting equation to (¢, 1) co-ordinate we

get
Yy VP + Yzl — Vu [V @y + yiby] =0 (30)

Which on simplification gives E4 = 0 (solenoidal equation)
Now using (19) in equation (18) we get

YW= VaVe — Yyry = Q (31)

Using (23) and employing (31) and (22) we get

L
W= e = Q, (Currentdensityequation) (32)

w w
(EF112> - (EF122>
P [

So these are six equations (28) to (33) for seven functions L, M, N, E; J, w and v in terms of (¢, ).

1
A d - ==
n 0 (33)

Here the Christofell symbols T'112 and T'122 are given by (25). Martin obtained the necessary and
sufficient conditions for the flow of a fluid along the co-ordinate lines i =constant of curvilinear co-
ordinate system with ds? given by (21) to satisfy the principle of conservation mass to be

I .
WV =VL, u+iv= %em (34)

Using the inlegrability conditions Egy = Eyg4 in the Linear momentum equations(28) and (29), we
find that the unknown function L(¢, ¥), M(¢, ¥), N(¢, ¥), Q(o, ), w(p, ¥) and (1) satisfy the
following equations.

1 1 [/M L
W W l(w)¢ (w)w (35)
Q=w~— %w (36)
(), - () -
And, 74 =0 (38)
W Agw + (17Q — p(2Q + w), =0 (39)

+ {M’YQ —p(22 +w), (40)

here, Ay LI(N_ M N (L M
where, Aow = 77 | 37Ws — J7We , e Ww¢¢

Defines the bettrami’s differential operator of 2nd order.

Equations (35) to (39) form an undetermined system Since the co-ordinate lines constant have been left
arbitrary. This undetermined system can be made determined in a number of different ways and one
such possible ways is to let ¢(x, ¥) = 6(x, y) where (r, 0) is the polar co-ordinate system.
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4. Exact Solution

0—b(r) _
o(r)
assume the alternative so that there exists some function (¢) such that

constant can or cannot be the streamlines, we

To analyse whether a given family of curves

— R(Y), R () #0 (41)

Where R’/(1)) is the derivative of the unknown function (1).
Using ¢ = r and x=rcosf, y = rsinf in (22) we find L, M, N and J in (r, ).

2 /

L=1+12 [b' (r) + ¢ () R(w)} N = r22(r) R2(1)

5. Example-01

2

Let us now consider the flow with 6 — a;7° — asr = constant as streamlines. It follows their exists

some functions such that

0 = a17® + aor + R(¢), with a; #0, R(Y) #0 (43)
Comparing (41) with (43), we get
b(r)=a;r? + agr, c(r) =1,

using these forms of b(r) and ¢(r) in (42), we get
L=1+12[2a1r + as)® M =r2 20,7 + as] R (¥)

N=rR%¢) J=W=rR(¢) (44)
Hence equation (29), (28) (35) and (36) in (r, 1) co-ordinate

By = [rR (¥)w, - r2ar + azwy | + [17Q — p(22 + ] (45)
E.=n [(26117“2 + agr)w, — (i +4a3r® + a3r + 4a1a2r2) Riw“w] (46)
w= #W) (4017 + azr) R?() + R (6) + *(2arr +a2)*R ()] (47)
Q= | ’fﬁf;f;’(" 5 )| (y) (48)

Now putting the value of wy, wr, Qr, Wrr, Wry, Wy, Wyer in (45) and (46) and making use of the fact
B,y = Ey,, we get

1"

i (BN (pmw?\ e 1 (Rw)) L, (Fw), (EwY
A2‘2+32<R'3<w>) +(5) 2R’(¢)<R’2(w)>+21<R/2(¢)>+2<R’3(w)>

> At =0 (19)
n=—3
a1 21 " () rRw\]
WhereA_s = [4 B o R’(zb)] 72(0) + () (R,s(w)> (50)
R 2
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’

JRW)  (Rw) 1 (R 1 (R
A= gyt (R’B(w)> Tl (R%)) R ') (R) 2
AO = 8(11112 R/z( ) + 8(11(12 lR//(w) (R//((w))) + |:4a1a772u'y - Sanp - 4(11%} 11:,3((12))
’ " / 1’ 2
dajagpyy 1 3 1 (R (R (¥)
T W) R (3’2) <R'2<¢)> %3)
Ay = (28a? + 4ay) ,Q(w)) [ 6a1a3 + 6ajas — R%(Zi)} (g;;iﬁ;) + Saiiw? ﬁ,',;((i)) B 8a§5v“/ R'Ql(w)
it |- () - s (545 | - omt + smen iy ()
1’ 2 1 1 4
R R R
+(2a,a3 + 6ayas) (R'Q((izi))> — (462 + ag)R,Q((Z/;})) (R’?’((ii))) (54)
Ay 24a1a2( ,3215))) —20a2as R’(w) (R:;((ﬁ))>
. 4 , 2
W)\ R'w (R R ()
0 |\ B (R’B(@) R2(0) (R’?’(w)> ] ”0“1“2(3 w)) (%)
‘W
As = 24a2a? ( ) + 24a ( & w)> (56)
B 1 (R'w)
Au = 820102 | s (R’3<w>> ] o
a1 (R
A =100 | B (R’3(w)> 1 o

Equation (49) is a polynomial of degree 5 with coefficient as function of r only. Since r and v are
independent variables, it follows that this can only hold true for all values of r if the coefficients of
different power of r vanish simultaneously and we have A,, = 0.

Therefore, from (58),

/

1L (R _
") (R’?’(w)) ] - 59)
putting this in (56), we get (for A5 = 0),
R
)y (60)

"

Or, R (v) =0, which on integration gives

R(¥) =miv + v (61)
Now using (59) and (60), from (55) (for Ay = 0)

(g) o 2
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Using (59), (60), (62) in (54), (for A; = 0)

Batuy? R ()  8aiwyy’ 1
n R3(Y) n R2()

or,

8aipy® R (v)  8aluyy| 1
n R2(y) 7

For A_5 =0,

or,

From (61) and (64) and (63)

_ M-
"

my

! (175 — P)¥ + o

. RY) = 5

From (47)

+ [1 +r2(2a1r+ag]2 X e

b
RI(y)

w:<4a1+%) 277
T/ g —p

r2

w= l l(4a1r2 + agr)

From (48)
1+72(2a1r + ag)?
r2R2(¢)

Q=7{W)w— ¥ (¥)

Mo (4ay + 22)

Q="w or Q= 5
Yo — P

Also by using dE = %—fdr + g—idw , and on integrating both site, we get

2
E = ( _ 2) [6a1a2r +ag® Inr — 2pQagr — 4a (0 — _alrsz)]
P — U

Also

S
|
|

And

PAGE NO: 7

(63)

(64)



Journal Of Technology || Issn N0:1012-3407 || Vol 15 Issue 2

2
1
Lut = (72777;7)2 2 + 40271 4 a3 + 4arayr (71)
Yo —
Hence ,
1
P=F— fpV2
2
On solving, we get
= 1702 — p [ ajagr + az” logr — 2pflasr — al( —ar _wo)]
2
1
m ﬁ + 4&127'2 + a22 + po (72)

6. Example-02

Let us now consider a different flow with 6 — ar = constant as streamlines, it follows their exist some
function R (¢) such thatd = ar + R (¢), with

a#0,R () #0 (73)
Comparing equation (41) with (73) , we get
b(r) =ar, c¢(r) =1
, using these forms of b(r) and ¢(r) in equation (42) we get
L=1+a*2 M=a’R (), N=r*R" (), J=W =rR (¢) (74)

Hence equation (28), (29),(35) and (36) in (r, 1)) co-ordinate

E.=n [arwr - (i + a27’> R,tw)ww} (75)
Ey=n [—arww +rR () wr} + [uy@Q — p (29 + w)] (76)
a 1+a*? R'(Y)
W= ) + 2 X 73 (77)
1+a%r?
Q=9w— TZ{’;V (78)

Now putting the value of wy, wr, Qr, Wrr, Wry, Wy, Wyer, in (45) and (46) and making use of the fact
E,y = Ey, , we get

n=1
> A" =0 (79)

where,

’

1 (R’ / , R’ / : R’ /
| ) ) oo () o ()
-3 =

’ ’

2 (R () 21y v 20 R (v)
n \R3() n RZ(W)  n \R3(@)

+
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Now for A; to be zero,

For A_1 to be zero,

For Ag. to be zero,

For A_5 to be zero,

Hence,

And for A_3 to be zero,

Now from (77),

And from (78),

Also,

And,

-1 =

e (WY (B a(Fw)
" R\ R2() R?(9) R%(9)

R (y) _ " =0 o _
R/g(w)*o or, R (¢) =0 or R(¥)=miy + o
R’ () _

R (1)

2 2
P =p\ 1 (/w —p> 1
—a+a —_—o0= (B F) — =1
( n )R(w) n my

- (W—p>
my = | —
7

=0=17 =0=7="7

R2(¥)

an

w=-—
(2 —p)r

an

Q:'YWZ'YU( 2 o)

wy

U na
U= v = .
(1y% = p)

(w2 —p)r’

pn?

2(py? = p)’r?

a2n2

b= (172 = p)

logr — — 2paxr + pg
9
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7. Example 03

Let us now consider a different flow with 8 — aqr
their exists some function R (¢)), such that

3 — ayr? = constant as streamlines. It follows that

0 =ayr® — ayr® + R(¥), with aj,as #0, R (1)) =0 (89)
Hence, b(r) = a17® + asr?, ¢ (r) 1,therefor
L=1+7*3ar?+ 2a2r]2, =7r2R2 (¢)

M=r [3(117" +202r] (w)v J = R (1/])
Hence equation (28),(29),(35) and (36) in (r,1)co-ordinate

E.=n {(36111"3 + 2a2r2) Wy — (i +9a1%r® + 4as?r® + 12a1a21"4> R,l(w)wr} (90)

Ey=n [(73alfr3 — 2a2r2) wy + R () wr] + [uyQ — p (20 + w)] (91)

w= {R’l(zb) (9a1r + 4as) + ;M — (9a12r4 + 4das?r? + 12a1a2r3) M} (92)
1 1 ,

ol

Now putting the value of wy, wr, Qr, Wrr, Wry, Wyy, wWyr in (45) and (46) and making use of the fact

E,y = Ey,, we get
n=9
S Ay =0 (94)
R'(Y) 2" R"(¢) 20 B"(¥)

_ - 2 LY
R o BEW) n R R’W)(R/f”@))]

o et () - (545)

Where,

4o = 9, (W)/ o (2500 )’ et jmj (I % )’

py? R" (ap)  36paraz R" (1))
R’ (4h) n R ()

+ 24a1 a9

1 (R// w)
R’ ()

R R ! R,
Ay = —36a12R,2($ + 32a23(R/3((15})>> (27a12 - 6’” P ) o
AR R”<w)>/ 3<R"<w))2 v
o 7 () 1 (i) + 90 o)
10
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— aeaaz BLW) v B W) wa? L (H®)
Au = —30ma (R'3<w>> ama (R’2<w>> sme R’W)(R/Q(w)
dOMY R" ()

B ) R Vo
(R . 1 (R .. (RN
A5 = 216<R/3 (w)) —|— 144@1 as R/ (w) (R/2 (w)> 1440,1 G,Q(R/2 (w))
J 1 (RN e, (R0
+ 16as R/(¢)(R’3(¢)>] T2a1 2<R’3(¢)>
- R () 1 (R 1 (R
o2 (G () 9ot (e ) o0 e () 2
- 1 (R'(y)
A7 = 216a1%as? 200 (R,g @}))
B 1 (R@)Y
Ag = 216 R @) 773 @) ]
e[ (Ew@YT
A9—81 1 R’ (w) <R/3 (1/))> ‘|
Now for Ag to be zero,
1 (R
R () (R’S w)) ] a
For As to be zero,
R"(¢) _,
R (¥)
For A_3 to zero,
R / (d]) = or : = or =m
R'2(¢)_0 s R (9)=0 R () = may + o

For Ag to be zero,

Y
which gives,

forA; to be zero,

Now from (92),
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9aipy®  9par

YR W) TR W)

11

PAGE NO: 11




Journal Of Technology || Issn N0:1012-3407 || Vol 15 Issue 2

And from (93),

A2
= (90 + daz) 21217 (101)
Also,
P — T, U= (3a1r2 + 2agr) 7277 (102)
(p— pyo?) T (1y? = p)
And,
n? 9a:” 2\ .4 P 2 2
P:(p—;ry?)z 1 (p—3uy?)r* — 2,2 + 2a2” (p — 2u7°) | — 2pazr + po (103)

8. Conclusion

This study intends to introduce the reader to Martine’s approach, which uses a coordinate system
(r,%) to discover the precise solution of an MHD rotating fluid flow. We employ three different stream
function types, and in each case we were able to precisely solve the pressure function, vorticity function,
etc. These findings are identical to those made by F. Labropulu and O.P. Chandna [2] after applying
the Q = 0. Additionally, if the Magnetograph plane is taken into account for the flow and the co-
ordinate(¢, 1) is used in its place (r,v), the outcome of M. Kumar and S. Sil [11] can be reached after
an appropriate transform.
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