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Abstract

Let G(T, W) be connected graph with p vertices. The reachability matrix R = (r;;) of a graph
1, tjisreachable fromt;
0, otherwise
introduce and obtain the reachability energy and reachability Estrada index of a graph. Also, we
establish upper and lower bound for this new energy and index separately.

G, denoted by R(G) is the p X p matrix with r;; = { . In this paper, we
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1. INTRODUCTION

The energy of a simple graph was introduced by Ivan Gutman in 1978[14,15]. The energy of
graph is referred as the ordinary energy of graph G. The energy of a graph G, denoted by E(G), is
defined to be the sum of the absolute value of the eigenvalues of its adjacency matrix (i.e) E(G) =

lel/li |. There are many energies based on Distance matrix [3,13,17], Laplacian matrix [2], Harary
matrix [12] etc. De la Pe™na et.al., introduced the Estrada index of a graph in 2007[4]. Estrada index of
the graph G is defined by EE = EE(G) = leeli,where M=A =243 =2 =22, are the
eigenvalues of the adjacency matrix A(G) of G [5,6,7,8,9,10,11].

Motivated by above studies, in this paper, we will introduce a new energy and index of the
graph based on reachability matrix and also obtain lower and upper bounds for this new energy and new

index of G.
2. RECHABILITY ENERGY OF CONNECTED GRAPH

In this section, using reachability matrix we obtain preliminary lemmas and introduce new

energy called reachability energy of graph.
Lemma 2.1:
Let G be a connected graph of order p and let By, B, ..., Bp be its R-eigenvalues. Then
4

Zﬁi=0 & zp:ﬁi2=2 Z (Tij)z
i=1

i=1 1<i<j<p
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Proof:

We know that Z?zl B; is equal to the trace of a matrix and also the reachability matrix of a

1, tjisreachable from t;

graph is defined as R = r;; = { 0 otherwise”

Now,Zleﬁl trace (]R(G)) Zl] 1Ty =0.

Moreover, for i = 1,2, ..., p, the (i, i)th entry of (]R(G))2 is equal to Z?ﬂ(rij) (rﬁ) = Z?ﬂ(rij)z

P P P
B;% = trace (]R(G) rl-)z =2 (ri.)z,
ZZ j > Oy

1<i<j<p

l

Hence the result.
Lemma 2.2:

Let G be a connected graph with diameter less than or equal to 2 and let 83, B, ..., B, be its

R-eigenvalues. Then

14
B:=p(p—-1)
=1

L

Proof:

r(p—1)
2

In the reachability matrix of the graph, there are elements equal to unit for i < j and

-1 . L
plp-1) elements equal to unit fori > j.

Therefore, Z 1[31 —Z 1(R(G)) 1(7”11)(11) p(p 1) p(p2 1 _ p(p - 1).

Hence the result.

Definition 2.1:

Let G be any connected graph with p vertices. The reachability matrix R(G) [1] of the graph G

is a square matrix of order p such as reachability from ¢; to t; is ‘1’ for i # j and ‘0’ for i = j. The
Characteristic polynomial of a R(G) is ¢ (G, B) = det(R(G) — BI),where I is the idendity matrix.

The roots of the equation ¢(G,B) = 0is called the eigen values of the reachability matrix. The

eigenvalues of the reachability matrix of the graph G are called as R-eigenvalues of G and denoted

by B1, B2, -, Bp- The collection of R- eigenvalues is called spectrum of a graph G[16]. The sum of the
absolute values of the R-eigenvalues of G is known as reachability energy of a graph G, denoted by

RE(G), is defined by RE(G) = XF_, |Bil.
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Theorem 2.1:
Let G be any connected graph of order p then reachability energy of the graph is 2(p — 1).
Proof:

Consider a connected graph with p vertices. The reachability matrix R(G) of the graph G is a

square matrix of order p such as reachability from ¢; to ¢; is ‘1" for i # j and ‘0’ for i = j. That is

o1 1 - 1 1
/1 o1 - 1 1\

11 0 - 1 1
R(G) = rij = | O T |
111 - 0 1/

111 - 1 0

Let us find the characteristic polynomial ¢(G, 8) of R(G) using the relation,

¢(G,B) = det(R(G) — BI) ,where I is the idendity matrix.

-8 1 1 - 1 1

1 - 1 - 1 1
sep=|; 1+ T T 1 =0

1 1 1 -8 1

1 1 1 1 -8

Thus, the characteristic polynomial ¢ (G, 8) of the graph G is
$GA =DPA-p-D)A+DP M vp=2
Hence, the spectrum of R(G) is (p_—ll p1—1).

Consequently, the reachability energy RE(G) of the graph G can be determined as follows:
P
REG) = ) I
i=1

=D -DI+[-DA)|
=2(p—1).

This completes the proof.

2.1. BOUNDS FOR THE REACHABILITY ENERGY

In this section, we obtain upper bound and lower bound for the reachability energy of the

connected graph.
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Theorem 2.1.1:

If G be a connected graph then f2 lekjsp(rij)z < RE(G) < \/Zp 215i<]-5p(rij)2.

Proof:

By Cauchy-Schwartz inequality,

Consider, a; = 1 and b; = |B;]| , then

P z p

2
PCAEEIDY:
i=1 i=1

RE(G)Z < Zp Z (Tij)z

1<i<jsp

RE(G) < /Zp Z (ry)".
1<i<js<p

which gives the required upper bound for RE (G).

We can easily obtain the inequality,

P 2
RE@) = Dgd) = DIal=2 Y ()’
i=1 i=1

1<i<js<p
RE(G) = |2 Z (ry)".
1<i<j<p

which gives the required lower bound for RE (G).
Hence the result.
Example 2.1.1:

Bounds of Reachability energy from p = 2 to p = 6 is given in Table 2.1.1.
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Vertices p RE(G)
2 Z ()’ 2p Z (ry)’
1<i<js<p 1<i<js<p

2 1.414 2 2
3 2.449 4 4.24
4 3.464 6 6.92
5 4.472 8 10

6 5.477 10 13.416

Table 2.1.1. Bounds of Reachability energy fromp = 2 top = 6.

Corollary 2.1.1: If G be a connected graph then RE(G) < p/p — 1.

Proof:
Since 1;; = 1 for i # j and there are p(p2—1) pair of vertices in G. By above theorem, we have
upper bound,
2 r(p-1)
RE(G) < |2p z (rij) < [2p <T =pJp—1.
1<i<js<p
Theorem 2.1.2:

Let G be a connected graph and let A be the absolute value of the determinant of the

reachability matrix R(G) of a graph then
2 z 2
1<i<js<p 1<i<js<p

By theorem 2.1.1, we have upper bound for RE(G).

Proof:

Now, we show that the lower bound for RE (G) then this will finish the proof.
By definition of reachability energy,

p Z oy
RE@)* = gl | =Ygl +2 > 1515
i=1 i=1 1

<i<jsp

=2 Y ()" + Y 16l I8

1<i<j<p %)

From Arithmetic — Geometric Mean inequality, we have,
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_1 _1
r(p-1) p(p-1)

D

o 2

p(p— 1)Z|Bi| 18] = n|/>’i||/>’j| = nlﬁilz(”‘“ = AP,
iij iij i=1

which gives

(RE(G))* = 2 Z ()’ +p(p - 187

1<i<js<p

RE(G) > Jz Z (rj)" +p(p - 1)A% .

1<i<j<p
Hence the result.
Example 2.1.2:

Bounds of Reachability energy from p = 2 to p = 6 is given in Table 2.1.2.

2 2 2
S 2 | e | P2
Vertices p - ()" +p@ -1 RE(G) 3 L ()
1<i<j<p 1<i<jsp

2 2 2 2

3 3.9397 4 4.24
4 5.726 6 6.92
5 7.404 8 10
6 9.0165 10 13.416

Table 2.1.2. Bounds of Reachability energy fromp = 2top = 6.

Corollary 2.1.2: Let G be a connected graph with diameter less than or equal to 2 and let A be the

absolute value of the determinant of its reachability matrix R(G) of a graph then

Jp(p -1 <1 + A%> < RE(G) <pp - 1.

3. REACHABILITY ESTRADA INDEX OF GRAPH

In this section, we will introduce and obtain Reachability Estrada index and its bounds.
Moreover, we will obtain upper bound for the reachability Estrada index involving the reachability

energy of graphs.

We first recall that the Estrada index of a graph G is defined by
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p

EE(G) = Zeli

i=1

where A; 21, 2 A3 == A1, are the eigenvalues of the adjacency matrix A(G) of G

(5,6,7,8,9,10,11]. Denoting by M}, = M} (G) to the k-th moment of the graph G, we get

p
M(6) = ) @)*
i=1

and recalling the power series expansion of e*, we have

EE = Zﬁ
k=0

It is well known that [10] M (G) is equal to the number of closed walks of length k of the graph G. In
fact Estrada index of graphs has an important role in chemistry and physics and there exists a vast
literature that studies this special index. In addition to the Estrada’s papers depicted above, we may also
refer [4,5] to the reader for detail information such as lower and upper bounds for EE in terms of the

number of vertices and edges and some inequalities between EE and the energy of G.
3.1 BOUNDS FOR THE REACHABILITY ESTRADA INDEX

In this section, we will introduce and obtain the reachability Estrada index of a graph G and

also its upper and lower bound.
Definition 3.1.1:

If G is a connected graph with p vertices, then the reachability Estrada index of G, denoted by
REE(G) , is defined by

p

REE(G) = Z ebi

i=1

where ; = 8, = B3 = -+ = B, are the R-eigenvalues of G.
w V
Let Vi, =XF_ (B)¥. Then REE(G) = Zkzok_l!{-

Reachability Estrada index can be calculated in terms of number of vertices of the connected

graph G

1
= —(eP + p — 1) where p is a number of vertices of the connected grap
REE(G) e( P 1) wh i ber of i fth d h G
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Theorem 3.1.1:

Let G be a connected graph with diameter less than or equal to 2 then the reachability Estrada
index is bounded as /p(3p —2) < REE(G) <p—-1+ eVp(-1)

Proof:

From the definition 3.1.1, REE(G) = ¥}_, efi

p 2 p

REE2(G) = Zeﬁi =Zezm+2 Z oPioh)

i=1 i=1 1<i<j<p

Consider the 2™ term of the above equation, by using Arithmetic-Geometric Mean Inequality, we have

_2 _
p(p-1)
2 Z ebiefi = p(p—1) 1_[ ePiefi

1<i<j<p 1<i<j<p
_2
p p-1\ p(p-1)

=plp—1) l_[ efi

i=1

2
=p( —D(e")? =pp - 1).
By means of power series expansion and we have three moments as V, = p,V; =0& V, =

221si<jsp(rij)2

p
=

i

ST S Yy

Nk N
Since we require lower bound as good as possible, it holds reasonable to replace Y »3 (Zi ?) b 4%.

Further, we use a multiplier t € [0,4] instead of 4. We get,

S o (B
. 2 i
Zezﬁ‘2p+4 Z (rij) +t2 il
i=1 1<i<j<p i=1 k=3
14 14
. 2 2 BH*
Ze2ﬂ12p+4 Z () —tp—t Z (i) +tz x
i=1 1<i<jsp 1<i<jsp i=1 k=0
14
Z etbi>p(l-t)+@—-1t) 2 (ri,-)2 + t.REE(G)
i=1 1<i<j<p
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By Lemma 2.1 & 2.2, we get,

p

Z etbi>pl-t)+@-1t) <@) + t.REE(G)

i=1

Then solving for REE (G),

REEZ(G) = p(1—1t) + (4 — ) <@) + t.REE(G) +p(p — 1)

1
REE?*(G) 2 p +3(* —p) +t [REE(G) —5®*=p) - p]
For p = 2, the best lower bound for REE(G) is attained when t = 0.

REE*(G) 2 p +3(p* —p)

REE(G) > /p(3p — 2).
which gives the required lower bound for REE(G).

From the definition 3.1.1,

REE(G) = Z o
k=0

>V,
p+z—'f

p
REE(G) <p + Z

i=1 k21

k!

p
REE(G) <p+ Z =
i=1 k=1

k
1w k 1 :
o 2
Sp Y Bz =p+ Yy =2 D ()
k=1 i=1 k=1 \ 1si<j<p
k
2
<J221si<j$p(rij) ) \/—2
=p-— 1+ =p-— 1+e 2215L<]Sp(rl.])

k!
k=0

By Lemma 2.1 & 2.2, we get, REE(G) < p — 1 + eVP®P~D,

which gives required upper bound for REE (G).
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Example 3.1.1:

Bounds of Reachability Estrada index from p = 2 to p = 6 is given in Table 3.1.1.

Verticesp | \/p(3p —2) REE(G) | p—1+e/p®-D
2 2.828 3.087 5.113
3 4.582 8.128 13.583
4 6.324 21.196 34.948
5 8.062 56.086 91.543
6 9.798 148.259 244.182

Table 3.1.1. Bounds for Reachability Estrada index fromp =2 top = 6.

3.2 AN UPPER BOUND FOR THE REACHABILITY ESTRADA INDEX INVOLVING THE
REACHABILITY ENERGY

In this section, using reachability energy we will show that there exist two upper bounds for the

reachability Estrada index REE (G) where G is a connected graph of diameter not greater than 2.
Theorem 3.2.1:
Let G be a connected graph of diameter not greater than 2 then
REE(G) —RE(G) <p—1—+/p(p — 1) + eVP®~D and REE(G) <p — 1+ eRE@®,
Proof:

From the proof of theorem 3.1.1, we have,

(B)*
k!

p
REE(G) = p + 2

i=1k21

il
!

14
<p+ Z 1B
i=1 k=1 k

By definition of reachability energy,

p
1k
REE(G) < p + RE(G) + Z li‘,l
i=1k=2
2
REE(G) —RE(G)<p—-1- |2 Z (rij)2 + V2 Zasicisn(ry)

1<i<js<p

REE(G) —RE(G) <p—1—+p(p — 1) + eVP@D
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Another approximation to connect REE (G) and RE (G) can be seen as follows:

REE(G) < ANV
—P+ZZ k!

Hence the result.

Example 3.2.1:

i=1k21

Sp—1+z

k=0

REE(G) <p —

p
1 k
< P+ZF Z|ﬁi|
k=1 \i=1

(RE(G))"
k!

1+ eRE@),

Upper Bounds of Reachability Estrada index involving reachability energy from

p = 2top = 6is given in Table 3.2.1.

Vertices | RE(G) | REE(G) | REE(G) —REG) | p—1— /p(p— 1) + e?@ D [ p—1+eRE@
p
2 2 3.087 1.087 3.6990 8.389
3 4 8.128 4.128 11.1329 56.5981
4 6 21.196 15.196 31.4836 406.4287
5 8 56.086 48.087 87.0713 2984.9579
6 10 | 148259 138.259 238.7049 22031.4657

Table 3.2.1. Upper bounds for the reachability Estrada index involving reachability energy fromp =2 top = 6.

Conclusion:

In this paper, we have introduced and obtained the reachability energy and reachability Estrada

index of the connected graph of order p. Also, we have found its bounds of this energy and index of the

connected graph of order p.
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